The decay laws of primordial turbulence and the heating rates by its dissipation are derived in the expanding medium, and it is shown that the matter in the expanding universe cannot be heated and kept at temperatures higher than 10 5 oK which are necessary for the galaxy formation by thermal instability. Moreover the effects of its dissipation on hydrodynamic instability are discussed. § I. Introduction
The equations of motion of the viscous fluid consisting of coupled matter and radiation are summarized in this subsection. The condition that matter and radiation can be regarded as a fluid will be examined in the next section.
Equations of motion of viscous fluid in the expanding universe have been derived in [N] at first. Here we present them in a generalized form, which is applicable even at the radiation dominant stage. First, we consider local fluid motions which do not disturb the space-time of the isotropic and homogeneous background universe and for which an effect of the spatial curvature of the background is negligible. Then the space-time can be expressed approximately by the line-element (2·1)
Here a (t) is an expansion scale factor of the universe, and the four velocity is given by UP= dxP jds, while the physical fluid velocity is defined by vi==aui (ui::=. UijU 0 ) .*> Next, we assume v 2 = 'Ei (vi)2<c 2 Here the notations should not be confused; Pm denotes matter mass density including internal energy, Pr radiation mass density, Pm matter pressure, Pr radiation pressure, e=Pm + Pr + pj c 2 inertial mass density, p total pressure, v = f.J./e kinematic viscosity, and a dot a time derivative. Now let us assume the condition of quasi-incompressibility 7 > div u = 0 and e = e (t), so that we can describe subsonic and vortical motions, and then we get (2·4) (2·5) assummg that Pm~Pr=Prc 2 /3 and Pm, Pr depends only on t as well as e.
In particular the velocity of vortical motions in inviscid fluid is described by the theorem of circulation 9 > (ed 1
where [i ( =axi) denotes a proper length. The integral of Eq. (2 · 6) leads to (2·7)
In the case when matter and radiation have already decoupled, the motion of matter can be described by the above expressions without Pr and Pr·
(b) Turbulent energy and its spectrum
In order to study the statistical properties of a turbulent :fluid such that the velocity field is at random at any point in the space-time, let us consider the correlations of various quantities between two different points x and x'( = x + r).
First, the velocity correlation is defined by
Here, the dashes denote the quantities at x'. Similarly the following correlation tensors are defined:
Using these correlations we can analyze turbulent motions in a form parallel with an ordinary theory of homogeneous turbulence. 10 
The contraction of the above equation with respect to suffices i, j and the integration over all direction around the origin in the k space enable us to derive
and dA (k) denotes an areal element, i.e. dk = dkdA (k). Equation (2 ·10 
§ 3. Basic properties of the turbulent eddies in the expanding universe
Fluid dynamical description for the motion of matter and radiation is possible when the size L exceeds the mean free path of interactions between the constituting particles. At the early stage of cosmic expansion when the matter is fully ionized, the interaction by electron scattering is dominant and the mean free path is given by lre = m:pj Pm6 T· Here (J T ( = 6.65 X At the stage of z<zD, Mvis is smaller than Mt and the treatment of the dissipation by the viscosity becomes meaningless. eddies with L<_vt have already decayed and their energy dissipated into thermal energy, and that only the eddies with L"-'vt can decay mainly after that epoch.
But the situation must be divided into two cases according to the universe models characterized by !2, which is the ratio of the present matter density to that of the flat model, i.e. 10-29 g/cm 3
•
In the case !2>0.05, the peak appears at the stage when matter and radiation closely couple together and the motions of eddies are subsonic, even if v is as large as c/10. In the case !2<0.05, the residual eddies at the peak consist only of matter and most of their motions are supersonic, because C 8 is extremely small. § 4. Decay laws of subsonic turbulence in the expanding universe
In quasi-stationary situation in a laboratory, the decay of subsonic turbulence can be described by
Here lt 1s a typical length of energy-containing eddies which is related to ). by
from the comparison with Eq. (2 ·12). Then we may define the R~ynolds number by (4·3)
Moreover, according to the experiments of steady flows behind a grid, the decay of turbulence at the early stage follows a simple law such as 10 ) (4·4) which reflects quasi-stationarity of R = const. On the other hand, the above law has been derived theoretically by an application of the principle of similarity. Another theoretical laws have been derived from Loitsyanskii's law 12 ) which means the conservation of angular momenta of the largest eddies, that is to say,
where n is 10/7 (at the early stage) or 5/2 (at the later stage).
Taking these results for the static medium into account, let us derive the decay law in the expanding medium. Since the velocity of vortical motions is proportional inversely to sa 4 (cf. Eq. (2 · 7)), the change of sa 4 vt with time does not depend much on the expansion but on the decay of turbulence itself. Therefore the decay law in the expanding medium is roughly given by (4·6) where n=1, 10/7 or 5/2 (cf. Eqs. (4·4), (4·5)). In fact these laws will be derived in Appendix B theoretically on the basis of the similarity principle or the Loitsyanskii's law. Inserting Eq. (4 · 6) into Eq. (2 ·12) and representing const. in Eq. (4 · 6) by quantities such as the micro-scale, etc., at an initial epoch
For the motion of eddies such that their non-linear interactions dominate the effect of expansion, we have the condition {3<1.
Furthermore, the rate of the net dissipation to thermal energy, Sa, 1s g1ven by the first term on the right-hand side in Eq.
Substituting Eq. (4 · 7) in the above, we have
Here we examine the fraction of the turbulent energy which is transformed into thermal energy by the dissipation. Its fraction is given by
and we find that f;::::::::1 for small eddies such as {3i<,1 and f;::::::::1j2 for large eddies such as {3l = 1.
In an application in the next section, the decay law in the case n = 1 will be used, because it seems to be simplest and most appropriate. For le and R we have Eqs. (4·2) and (4·3) also in the expanding medium by extending naturally Eq. (4 ·1) as
In the case n = 1, R decreases with time contrary to the case of the static medium, but it does not mean any inconsistency, because the idea of quasi-stationarity should be modified by the over-all expansion.
In the case n = 1, the energy spectrum of turbulence has the following form, which is derived from the similarity principle (See Appendix B):
Here F, Q, ~ are dimensionless and Q is proportional to the inertial term T in Eq. (2 ·10). If we assume Heisenberg's eddy viscosity hypothesis 10 ) for Tor Q, Eq. (4 ·10) is reduced to Chandrasekhar's equation 13 ) and we find from his solution that, if R> 1, the Kolmogoroff spectrum Eock-5 1 8 appears in the middle region of k, while Eock-7 for k~oo in general. On the other hand, R""' (lt/ J vt) 2 (vt/lt) '> 1 in the region lt""'Vtt before the decoupling of matter and radiation (cf. § 3). Therefore we can expect the Kolmogoroff spectrum for the eddies with {3 '""-' 1 and the steeper spectrum for the smaller eddies. § 5. Time variation of matter temperature T m In this section, we clarify how the matter is heated by the dissipation of the turbulent energy at the matter dominant stage. Since the radiation has a heat capacity much larger (by a factor """10 8 ) than matter, Tr ( oca-1 (t)) depends scarcely on the heating, while Tm depends sensitively. However, if the ratio T m/Tr is large, the interaction between matter and radiation may distort the short wave-length part of the radiation spectrum, because the heat capacity of such a part is comparable with that of matter. 4
)' 14 )
If we put the condition that the radiation spectrum does not deviate so much from Planck's spectrum, we have the following condition in Appendix C:
(1<)(Tm/Tr)*<2, 136 for .!2=1, 10-1, respectively.
In the following, the low density models with .!2<0.05 are omitted from our consideration. Now at the stage when the matter is fully ionized, we have 
and we obtain If ZD is taken to be smaller than 10 3 (cf. § 3), T m is also smaller than 10 5 °K.
(b) After the decoupling epoch. At this stage the matter is neutral or, if otherwise, the mean free path of a photon is so long that radiation and matter cannot be regarded as a one fluid. Then, most of residual turbulent motions are highly supersonic, since the sound velocity C 8 is very small. Although we *> If Pm>Pr and a/ao<{l, we may assume Eoca-3 and aoct 2 1 3 • Then a(t) =const"'- '1. have no reliable theory of supersonic turbulence, the influence on T m can be estimated according to a simplified model. Let us assume that the loss of turbulent energy except the one due to the expansion, ea= -(2a 2 )-1 d (avt) 2 / dt, is transformed into thermal energy. In the case (I) when that time scale is comparable with t, i.e. the rate is given by ea=r(vt) 2 /t (r=const rvl), we obtain (vt) 2 = (aD/a) 2 
(t»/tYCvt)D 2 and ed= r (aD/ aY (t»/t)r+ 1
{ (vtY /t}D. In the case (II) when the turbulent energy is lost .onatime scale ta much smaller thant, i.e. the rate is given by ea=CvtY/ta, we have (vtY=exp(-(t-tD)/ta) (vt)D 2 and ca=exp(-(t-tD)/ta) (vt)D 2 /ta.
If the matter remains neutral at this stage, it can be heated up to T m = 10 4 °K, above which temperature a collisional ionization begins. 15 > If the matter is heated above 10 4 °K, the cooling due to the Compton scattering becomes effective because of t/rr>L In the case (I), the matter temperature Tm will converge to the value given by Eq. (5 · 6) and T m/Tr increases (or decreases) with time according to r>I (or r<I). However, since the turbulent energy will be soon consumed, T m falls below 10 4 °K or even below Tr by the cosmic expansion. Now let us explain the above situations numerically. At the decoupling epoch such as ZD = 10 8 , the residual turbulent energy is given by which is smaller than 10 14 Q-7 / 2 ergs/g for (vt)*<c/10. Here Eq. (4 · 7) with /3i = 1 and n = 1 has been used. If all of this energy were transformed directly to thermal energy, Tm would rise to 3Xl0 7 Q-7 1 2 ((vt)*/c/°K for SJ>0.05. This is not realistic, however. If that energy is transformed during a time scale of the order of tar-/t, the temperature rise is slowed down by the cooling as long as matter is ionized, and we get from Eq. (5 · 6)
Since (t/rr)D-:::::.l0 5 .jQ, only the part of the order of I0-5 in (vt)D 2 /2 can be transformed into thermal energy and it is difficult that T m exceeds 10 5 °K. Moreover, in the case (II), T m may rise suddenly in terms of the sharp dissipation.*> However, the turbulent energy is consumed exponentially during the time interval . 
§ 6. Conclusion and discussion
From the foregoing analysis it has been shown that the dissipation of primordial turbulence cannot heat and keep the matter to such a high temperature that thermal instability may contribute to the growth of density contrast. This conclusion has been derived from the facts that at the matter dominant stage there is no supply of the turbulent energy and that the excess thermal energy relative to the radiative energy is carried away rapidly through Compton scattering. Although the foregoing discussions are limited to the stage Pm> Pr, the above conclusion may be correct. Our conclusion is consistent with Zel'dovich and Sunyaev's 14 ) assertion that, even in the presence of turbulent heating, the matter has not been kept in a fully ionized state throughout the cosmic expansion. However, our conclusion is incompatible with the assumption of an enormous heating by the turbulence. 3
)
As an another possible mechanism for the galaxy formation, we should notice the hydrodynamic instability introduced by Ozernoi and Chernin. 8 ) In this case, turbulent eddies with such a high velocity as v>c/30 are required at the stage Pr>Pm to find a mass range such that Min?M> Mvis at t=tD. 11 On the Dissipation of Primordial Turbulence in the Expanding Universe 1523 Moreover we get g (t) oc (vI a 2 ) I (aJ.} from Eq. (B4) and Eq. (B3) leads to Eq. ( 4 ·10) for the spectrum of the turbulent energy, Remark. Once three decay laws were derived in [N] by dividing the cases according as /3<1, =1 or >L In the case /3=1, e(=-td(vt?ldt) and. ta(= t (vtYie) have been taken as two independent parameters and ta identified with t. As a result the decay law is different from the above one and is applicable in the narrow time interval. However if we distinguish between t and ta and take into account that dimensionless quantities can depend on t also in the forms
we can get the same result as above.
(b) Decay rate due to Loitsyanskii's law
For big eddies the spectrum tensor f]jiJ can be expanded In power series of k as with n = 1017, 512 at the early and later stages, respectively.
Appendix C

Distortion of the background radiation spectrum
In the presence of the interaction by Compton scattering between radiation and ionized matter, the behavior of the photons occupation number nJ) = (c 3 l8nhv 3 ) X dErldv corresponding to radiation energy density Er (v) is described in nonrelativistic approximation by an,_ -2 a [ 4 (an,+ + .2)]
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where x===hv jkT m and the effective scattering thickness
Following Zel'dovich and Sunyaev's procedure/ 4 > let us derive the small difference Tml exp ( -BF)-(Tml exp ( -BF) )i=-s~dF exp( -BF)By (Tro+sy 5 sd).
(D1) Here we used for Tr the present radiation temperature Tro = yTr and put as follows: Repeating partial integration s furthermore , we obtain ·a power series of 1/ (BF) and Jd In (y 6 ec~,) jd ln y// (BF). Therefore we can arrive at the approximat e integral (5 · 4) , if these terms are small.
